Abstract. Let K be a p-adic local field with residue field k such that [k : k p ] = p e < ∞ and V be a p-adic representation of Gal(K/K). Then, by using the theory of p-adic differential modules, we show that V is a potentially crystalline (resp. potentially semi-stable) representation of Gal(K/K) if and only if V is a potentially crystalline (resp. potentially semi-stable) representation of Gal(K pf /K pf ) where K pf /K is a certain p-adic local field whose residue field is the smallest perfect field k pf containing k. As an application, we prove the p-adic monodromy theorem of Fontaine in the imperfect residue field case.
Introduction
Let K be a complete discrete valuation field of characteristic 0 with residue field k of characteristic p > 0 such that [k : k p ] = p e < ∞. Choose an algebraic closure K of K and put G K = Gal(K/K). By a p-adic representation of G K , we mean a finite dimensional vector space V over Q p endowed with a continuous action of G K . As in the perfect residue field case, we can define the imperfect residue field versions of B cris and B st and, by using these rings, crystalline and semi-stable representations of G K . Now, we shall state the main results of this article. Let us fix some notations. 
, 1 ≤ i ≤ e) and let K pf be the p-adic completion of K (pf) . These fields depend on the choice of the sequences (b 1/p m i
(1) V is a potentially crystalline representation of G K if and only if V is a potentially crystalline representation of G K pf , (2) V is a potentially semi-stable representation of G K if and only if V is a potentially semi-stable representation of G K pf .
Corollary 1.2. Keep the notation as in Theorem 1.1. Then, V is a de Rham representation of G K if and only if V is a potentially semi-stable representation of G K .
This paper is organized as follows. In Section 2, we shall review the definitions and basic known facts on crystalline and semi-stable representations, first in the perfect residue field case and then in the imperfect residue field case. In Section 3, we shall introduce some special elements which behave well under the action of p-adic differential operators. In Section 4, by using these elements, we shall prove the main theorem. In Section 5, as an application, we deduce the p-adic monodromy theorem of Fontaine in the imperfect residue field case (Corollary 1.2) by using results of Berger [Be] and author [M] .
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2. Review of crystalline and semi-stable representations 2.1. Crystalline and semi-stable representations in the perfect residue field case. This subsection is a continuation of Subsection 2.1 of [M] and we keep the notation as in it. Let θ : A + → O Cp be the natural homomorphism where O Cp denotes the ring of integers of C p . Define the ring A cris,K to be the p-adic completion of the PD-envelope of Ker (θ) compatible with the canonical PDenvelope over the ideal generated by p. Put B + cris,K = A cris,K [1/p] and B cris,K = B + cris,K [1/t]. These rings are K 0 = Frac(W (k))-algebras endowed with an action of G K and an action of Frobenius ϕ which commutes with the action of G K . Furthermore, since we have the inclusion K ⊗ K 0 B cris,K ֒→ B dR,K , the ring K ⊗ K 0 B cris,K is endowed with the filtration induced by that of B dR,K . Then, (B cris,K )
G K is naturally a K 0 -vector space endowed with a Frobenius operator and a filtration after extending the scalars to K. We say that
Furthermore, we say that a p-adic representation V of G K is a potentially crystalline representation of G K if there exists a finite field extension L/K in K such that V is a crystalline representation of G L .
Fix a prime element ℘ of O K (the ring of integers of K) and an element s = (s (n) ) ∈ E + such that s (0) = ℘. Then, the series log(s℘ −1 ) converges to an element u s in B + dR,K and the subring B cris,K [u s ] of B dR,K depends only on the choice of ℘. We denote this ring by B st,K . Since we have the inclusion K ⊗ K 0 B st,K ֒→ B dR,K , the ring K ⊗ K 0 B st,K is endowed with the action of G K and the filtration induced by that of B dR,K . The element u s is transcendental over B cris,K and we extend the Frobenius ϕ on B cris,K to B st,K by putting ϕ(u s ) = pu s . Furthermore, define the B cris,K -derivation N : B st,K → B st,K by N(u s ) = −1. It is easy to verify Nϕ = pϕN. As in the case of B cris,K , we have (B st,K )
G K is naturally a K 0 -vector space endowed with a Frobenius operator and a filtration after extending the scalars to K. We say that a p-adic representation V of G K is a semi-stable representation of G K if we have
Furthermore, we say that a p-adic representation V of G K is a potentially semistable representation of G K if there exists a finite field extension L/K in K such that V is a semi-stable representation of G L .
2.2.
Crystalline and semi-stable representations in the imperfect residue field case. This subsection is a continuation of Subsection 2.2 of [M] and we keep the notation as in it. Let k pf denote the perfect residue field of K pf and put
Then, K 0 has residue field k and the extension K/K 0 is finite. Choose a Frobenius ϕ on K 0 which is a lift of that on k. [Br, Proposition 2.47.] ), the ring K ⊗ K 0 B cris,K is endowed with the filtration induced by that of B dR,K . For 1 ≤ i ≤ e, put r i = [
+ . Then, we have r i ∈ Ker (θ K 0 ) for 1 ≤ i ≤ e and obtain an isomorphism f : p-adic completion of A cris,K pf r 1 , . . . , r e → A cris,K where * denotes PD-polynomial (see [Br, Proposition 2.39.] 
is naturally a K 0 -vector space endowed with a Frobenius operator and a filtration after extending the scalars to K. We say that a p-adic representation V of G K is a crystalline representation of G K if we have [Br, Proposition 3.22.] . Furthermore, we say that a p-adic
Then, the series log(s℘ −1 ) converges to an element u s in B + dR,K and the subring B cris,K [u s ] of B dR,K depends only on the choice of ℘. We denote this ring by B st,K . We can prove that the element u s is transcendental over B cris,K as in [F1, 4.3.] . Since we have the inclusion K ⊗ K 0 B st,K ֒→ B dR,K , the ring K ⊗ K 0 B st,K is endowed with the action of G K and the filtration induced by that of B dR,K . We extend the Frobenius ϕ on B cris,K to B st,K by putting ϕ(u s ) = pu s . Furthermore, define the B cris,K -derivation N : B st,K → B st,K by N(u s ) = −1. It is easy to verify Nϕ = pϕN. As in the case of A cris,K , we have an isomorphism
where * denotes PD-polynomial. From this isomorphism, it follows that
are G K pf -equivariant homomorphisms and the composition
is identity. By imitating the result [Br, Proposition 2.50 .], we can show that we have a canonical isomorphism (B st,K )
G K is naturally a K 0 -vector space endowed with a Frobenius operator and a filtration after extending the scalars to K. We say that a p-adic representation V of G K is a semi-stable representation of
in the same way as [Br, Proposition 3.22.] . Furthermore, we say that a p-adic representation V of G K is a potentially semi-stable representation
Construction of special elements
In this section, we shall introduce some special elements which behave well under the action of p-adic differential operators. Throughout this section, we keep the notation and assumptions of Section 3 of [M] . For the definition of the p-adic differential modules D Sen (V ), D Bri (V ) and D + e-dif (V ), refer to 3.1.1, 3.1.2 and 3.1.3 of [M] . Contrary to the definition of D
pf ) (see [F2] for details). 
by the theory of Sen. Since both sides have the same dimension over K pf ∞ , the inclusion above actually gives an isomorphism. By taking the projective limit with respect to r, we obtain a Γ 0 -equivariant isomorphism
where the integers n j are those of Proposition 3.1.
On the other hand, fix a basis
that gives the isomorphism of Proposition 3.1, that is, ∇ (0) (F j ) = n j F j with n j ∈ Z. Then, we can write
where the a
Then, it follows that we have ∇ (0) (f j ) = n j f j . On the other hand, we have
where − denotes the reduction modulo (t, t 1 , . . . , t e )X. e-dif (V ). Therefore, by taking the projective limit with respect to r, we conclude that
H . Let m dR denote the maximal ideal (t, t 1 , . . . , t e ) of (B + dR,K ) H . Then, we have 
e-dif (V )) and stable under the action of Γ K , it follows that W r is equipped with actions of
and
.
D cris,K pf (V ) and D st,K pf (V )
. In this subsection, for simplicity, we shall denote B cris,
Proof. Since the semi-stable representation case is similar, we shall consider only the crystalline representation case. Since V is also a de Rham representation of G K pf , by Proposition 3.2, there exists a basis
. . , t e ]] and (2)
is trivial and
. Thus, we can write e-dif (V ) = Z r . Thus, by taking the projective limit with respect to r, we obtain D + e-dif (V ) = lim ← −r Z r . Choose integers {m jk } 1≤j≤d, 0≤k≤δ−1 ⊂ Z such that we have forms a basis of B dR,K ⊗ Qp V over B dR,K , it is, in particular, linearly independent over B dR,K in B dR,K ⊗ Qp V . Take m j ∈ Z such that we have
, one can see that there exists an integer m ∈ Z such that we have t m x ∈ D(V ). Thus, t m x can be written as linear combinations of {g
From now on, we shall keep the notation and assumptions of Proposition 3.4. The following result is proved in Proposition 3.5 and Corollary 3.6 of [M] .
Proposition 3.5. The action of
for all (k i ) 1≤i≤e ∈ N e and 1 ≤ j ≤ d.
Proof. Since the semi-stable representation case is similar, we shall consider only the crystalline representation case. It is enough to prove that if
Since the proof of the general case is exactly the same (only with heavier notations), we just show that
(see [A-B] and [F2] ). Thus, if we take
. Note that this series is a finite sum mod (t, t 1 , . . . , t e ) r D + e-dif (V ) by Proposition 3.5. Thus, there exists L ∈ N such that we have (
On the other hand, since we have (
H by Lemma 3.3 and
By (3.3) and (3.4), we obtain 
Proof of the main theorem
In this section, we will give proofs only in the crystalline representation case since the semi-stable representation case is similar.
Proposition 4.1. We have the following implications.
(1) If V is a crystalline representation of G K , then it is a crystalline repre-
Proof. Since V is a crystalline representation of G K , there exists a G K -equivariant isomorphism of B cris,K -modules
By tensoring (4.1) by B cris,K pf over B cris,K (which is induced by the G K pf -equivariant surjection p : B cris,K ։ B cris,K pf : r i → 0), we obtain a G K pf -equivariant isomorphism of B cris,K pf -modules
This means that V is a crystalline representation of G K pf .
Proof of Theorem 1.1. It remains to show that, if V is a p-adic representation of G K whose restriction to G K pf is crystalline, then V is a potentially crystalline representation of G K . Since V is a crystalline representation of G K pf , there exists a basis {g j } d j=1 of D cris,K pf (V ) over B cris,K pf which satisfies the properties in Proposition 3.4. From this
By Propositions 3.5 and 3.6, we have (
c jkl g l where the c jkl (k = (k 1 , . . . , k e )) are elements of B + cris,K pf such that ∇ (0) (c jkl ) = 0. On the other hand, for N ∈ N, we obtain,
where the ϕ N +1 (c jkl ) are elements of B + cris,K pf such that
Let U i denote the matrix which represents the action of ∇ (i) /t (1 ≤ i ≤ e) with respect to the basis {g j } d j=1 and take N large enough such that we have p
On the other hand, by applying the same method as in Proposition 3.6 to the entries of U i , we have
, this means that we obtain 
Thus, it follows that we have p N (k 1 +···+ke) c jkl ∈ A cris,K pf and p
where
Note that this series converges in B cris,K ⊗ Qp V for the p-adic topology by (4.2) and thus f j actually defines an element of B cris,K ⊗ Qp V . Then, it is easy to verify that we have ∇ (i) (f j ) = 0 for all 1 ≤ i ≤ e and 1 ≤ j ≤ d by using the Leibniz rule. Furthermore, by using (4.2) and the fact ∇ (0) (ϕ N +1 (g j )) = 0, we can deduce that we have ∇ (0) (f j ) = 0 for all 1 ≤ j ≤ d. The maps log(γ) and log(β i ) (1 ≤ i ≤ e) act trivially on the K 0 -vector space generated by {f j } d j=1 (because ∇ (0) (f j ) = 0 and ∇ (i) (f j ) = 0 for all 1 ≤ i ≤ e and 1 ≤ j ≤ d). This means that Γ K acts on this K 0 -vector space via finite quotient and there exists a finite field extension L/K in K such that {f j } In this section, we generalize the p-adic monodromy theorem of Fontaine to the imperfect residue field case. Now, we recall the results of [Be] and [M] . Since K pf has perfect residue field, we can apply Theorem 5.1 to the restriction of V to G K pf . 
